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Non-tiles are convex polytopes, of which isomorphic copies will not tile the space 
locally finite and face-to-face (that is, neighbouring tiles meet in a face of each). 
Non-facets are convex polytopes, of which isomorphic copies will not tit together as 
the facets of a higher dimensional convex polytope. It is proved that there are 
infinitely many 3-dimensional convex polytopes which are non-tiles as well as non- 
facets, thereby answering a question of Danzer. Q 1985 Academic Press, IX. 
1. INTRODUCTION 
Given a 3-dimensional convex polytope P we may ask whether the 
Euclidean space [E3 can be tiled by convex 3-polytopes each combinatorially 
equivalent to P. This question concerns the 3-dimensional analogue of the 
well-known fact that for each n (3 3) the Euclidean plane can be tiled by 
convex n-gons (cf. Griinbaum and Shephard [7]). 
Tilings by convex polytopes may be face-to-face, which simply means 
that the intersection of any two tiles is either empty or a face of each. A til- 
ing is normal if its tiles are uniformly bounded, that is, there exist two 
positive parameters r and R such that each tile contains a ball of radius r 
and is contained in a ball of radius R. In the Euclidean plane there exist 
face-to-face tilings by convex n-gons for each n, but normal tilings only for 
n d 6 (cf. Reinhardt [ 123, Griinbaum and Shephard [7], Niven [lo]). All 
tilings we consider will be locally finite; that is, every compact subset of lE3 
meets only a finite number of tiles. 
‘The above problem was originally posed by L. Danzer at the L.M.S. 
Symposium “Relations between Finite and Infinite Dimensional Con- 
vexity” held in Durham in July 1975, with the even stronger requirement 
that the tiling be locally finite and face-to-face (cf. Larman and Rogers [9], 
Danzer, Griinbaum, and Shephard [3]). In this paper we shall always be 
concerned with locally finite face-to-face tilings of polytopes. We call a con- 
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vex 3-polytope P a (polyhedral) tile, if there exists a locally finite face-to- 
face tiling of lE3 by isomorphic copies of P. Otherwise we call P a nun-tile. 
Note that the latter word has been used in a slightly different sense in Dan- 
zer, Griinbaum, and Shephard [3 J, where it stands for a polytope which 
will not tile three-space both face-to-face and normally. However, a non- 
tile in our sense is obviously a non-tile in the sense of [3]. 
Recently some progress has been made concerning the original problem 
of Danzer. In [3] Danzer, Griinbaum, and Shephard describe a simplicial 
convex 3-polytope with 17 vertices and 30 facets which will not tile three- 
space both face-to-face and normally. They modify a method used in Perles 
and Shephard [ 1 l] to prove the existence of 3-dimensional non-facets. 
Non-facets are convex 3-polytopes, of which isomorphic copies will not fit 
together as the facets of a convex 4-polytope. 
For simplicial 3-polytopes the question was answered in the affirmative 
by Grtinbaum, Mani-Levitska, and Shephard in [8]. They conjecture also 
a positive result for arbitrary convex 3-polytopes. Their construction also 
covers n-gonal pyramids and bipyramids, for which the author gave 
independently a solution in [ 131. The question, whether normal tilings are 
possible for general n > 6, is still undecided. 
In [ 143 the author proved that for each convex 3-polytope locally finite 
tilings by isomorphic copies do always exist, if we do not require the tiling 
to be face-to-face. The proof essentially makes use of a suitable extension of 
Steinitz’s theorem due to Barnette and Griinbaum (cf. [ 11). 
But up to this day the original problem was still undecided. The purpose 
of this short note is to prove the existence of 3-dimensional non-tiles. In 
other words, the answer to the general problem is in the negative. In par- 
ticular, we shall settle the existence of infinitely many convex 3-polytopes, 
which are non-tiles. Among them are the cuboctahedron and the 
icosidodecahedron, which are quasi-regular polytopes (cf. Coxeter [2], 
Fejes Toth [4]; compare Fig. 1). 
The proof is of purely combinatorial nature and does not involve 
arguments concerning the metrical shape of polytopes. As a consequence, 
the polytopes also provide counterexamples, if we do not require the 
polytopes of the tiling or their 2-faces to be convex. 
The cuboctahedron has 12 vertices and 14 facets, and one might conjec- 
ture that it is the “smallest” non-tile in three dimensions. On the other 
hand it is known that every type of convex 3-polytope with at most 6 facets 
is a tile (cf. Goldberg [ 51). 
Our methods will imply that each counterexample is also a 3-dimen- 
sional non-facet in the sense of Perles and Shephard [ 111. In particular, 
the cuboctahedron will be the “smallest” non-facet known to the present, 
and the methods of our proof are elementary compared to those of [ 111. It 
is likely that suitable refinements of the arguments of our proof will lead to 
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FIG. 1. (a) The cuboctahedron. (b) The icosidodecahedron. 
many new non-facets. We note that in general non-facets are not non-tiles. 
A simple counterexample in two dimensions is the convex hexagon. 
For the matter of notation and basic results we refer the reader to Griin- 
baum [6] for convex polytopes and to Griinbaum and Shephard [7] for 
tilings. 
2. NON-TILES AND NON-FACETS 
All convex 3-polytopes P we consider have vertices only of even valence. 
Let x be such a vertex with valence m and pr ,..., pm be natural numbers. We 
call CpI, p2,..., pm] the type of x, if there exists a cyclic numbering F1,..., F,,, 
of the facets of P incident with x such that Fj is a convex pi-gon 
(i = l,..., m). Obviously, the type of the vertex x is uniquely defined up to a 
cyclic permutation of p1 ,..., pm. For instance, the type of each vertex of the 
cuboctahedron is [3,4,3,4] (compare Fig. 1). 
Theorem I gives a simple criterion for a 3-polytope P to be a non-tile 
and non-facet, involving the type of the vertices of P. This will enable us to 
prove the existence of infinitely many non-tiles. 
THEOREM 1. Let P be a convex 3-polytope with all vertices of even 
valence. Assume that there is a number p such that each vertex x of P with 
valence m is of the type [p,p2,p,p4 ,..., p, p,], with m and p2,p4 ,..., pm 
depending on x and pi #p for each even i. Then, P is both a 3-dimensional 
non-tile and non-facet. 
Proof: First we shall prove that P is a non-tile. Suppose to the contrary 
that there is a locally finite face-to-face tiling F of E3 by isomorphic copies 
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of P. We show that this implies the existence of a convex 3-polytope Q, 
each facet of Q with an even number of vertices and each vertex of Q of 
even valence. However, this contradicts Euler’s theorem. In fact, each 
polytope without triangular facets has at least one 3-valent vertex (Griin- 
baum [6; p. 2371). 
For simplicity we shall call the faces of members of 9 faces of Y. In par- 
ticular, each member of Y is a 3-face of Y. Now, let z be a vertex of Y 
and consider the vertex-figure 5 of z in Y-; that is the set of all faces of Y 
containing z. We choose E > 0 sufficiently small such that the ball B(z, E) 
with center z and radius E does not intersect any face of Y not in YZ. 
The tiling Y induces a finite spherical 2-complex %’ on dB(z, E), whose 
vertices, edges, and 2-faces respectively are the intersections of dB(z, E) with 
the edges, 2-faces, and 3-faces in z. Since each vertex of P has even 
valence, each 2-face of V has an even number of vertices. Since Y is sup- 
posed to be face-to-face, we can assign to each edge e of V the number of 
vertices of the 2-face in z which defines e, hence one of the numbers p, p2, 
p4,..., pm for a suitable vertex x of P. By the assumptions on the type of 
each vertex of P, any two neighboured edges of each a-face of V are 
marked differently. In particular, this implies that the valence at each ver- 
tex of %? is even. 
Since the carrier of the 2-complex V is a 2-sphere, Steinitz’s theorem 
implies that % is combinatorially isomorphic to the boundary complex of a 
convex 3-polytope Q (Griinbaum [6; p. 2531). By the above con- 
siderations, Q would be a 3-polytope, all facets of Q with an even number 
of vertices and all vertices of even valence. However, this is impossible and 
proves the first part of the theorem. 
Obviously, the same arguments apply to P for the proof to be a non- 
facet. In fact, Y has to be replaced by a convex 4-polytope P' which facets 
are isomorphic to P, z by any vertex Z’ of P' and the ball B(z, E) by a 
suitable topological 3-ball in the boundary of P' containing Z’ as an 
interior point. But that completes the proof of Theorem 1. 
A careful inspection of the proof shows that we have applied only local 
arguments in order to establish the non-existence of F and P', respectively. 
In fact we proved that it is not even possible to build up a vertex-figure for 
Y or P' with polytopes combinatorially equivalent to P. Note also that the 
convexity of the members of Y is not needed in the proof. In fact, even if 
we allow the isomorphic copies of P to be non-convex or even to have non- 
convex 2-faces, the isomorphism type of P will not tile three-space face-to- 
face. 
Of particular interest is the case all vertices of P are 4-valent; that is 
m =4 for each vertex x of P. We shall show that Theorem 1 applies to 
infinitely many polytopes of this class. 
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THEOREM 2. There exists an infinite family of 3-dimensional convex 
polytopes, whose members are both non-tiles and non-facets. 
Proof We shall construct for each n, n B4, a 4-valent 3-polytope P, 
with 3n vertices and 3n + 2 facets that satisfies the assumption of 
Theorem 1. 
Let Qn be a regular n-gon in a plane with normal vector U. By Qk we 
denote the regular n-gon, whose vertices are the midpoints of the edges of 
Q,. We define P, to be the convex hull of u + Qk, Qn, and --u + (2: (com- 
pare Fig. 2). Then, P, is the union of two prismoids with bases Qn, u + Q; 
and Qn, -u+Qi,, respectively (cf. Griinbaum [6, p. 573). 
Each vertex of P, is 4-valent and is one of the vertices of u + Qk, Q,, or 
of -U + QL. Each edge of Q,, determines a 4-gonal facet of P, and each 
edge of u + QL and -U + Qk respectively a triangular facet of P,. So the 
number of vertices and facets respectively is 3n and 3n + 2. The type of a 
vertex x of P, is [3,4, 3,4] in case x is a vertex of Q, or [3,4, 3, n] in all 
other cases. So Theorem 1 applies and proves Theorem 2. 
Note that the polytope P4 (n =4) is combinatorially isomorphic to the 
cuboctahedron. The icosidodecahedron (compare Fig. lb) does not belong 
to the family (P,),, but satisfies the assumptions of Theorem 1 too. In par- 
ticular both examples show that no matter how symmetric a polytope may 
be, it need not tile three-space face-to-face or need not be the isomorphism 
type of the facets of a convex 4-polytope. It is noteworthy that all regular 
polytopes in three dimensions tile lE3 face-to-face. This is trivial for the sim- 
plex, the cube, and the octahedron. The icosahedron is simplicial and so 
the result of Griinbaum, Mani-Levitska, and Shephard applies. For the 
dodecahedron Danzer proved the existence of a face-to-face tiling with 
finitely many prototiles; that is, each member of the tiling is congruent to 
FIG. 2. The polytope P,. 
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one member of a finite family of polytopes (private communications). It 
would be interesting to know whether the icosahedron also admits a nor- 
mal face-to-face tiling (with finitely many prototiles). Note that the 
isosahedron is also the only regular convex 3-polytope which is not known 
to be a facet or a non-facet (Perles and Shephard [ 111). All other regular 
3-polytopes occur as facets of regular convex 4-polytopes. 
The existence of non-tiles and non-facets suggests a further problem 
closely related to the one discussed here. Given a natural number k and a 
family 9’ of k pairwise non-isomorphic convex 3-polytopes, called COM- 
binatorial prototiles, we may ask whether there is a locally finite face-to-face 
tiling of E3 by convex 3-polytopes each combinatorially equivalent to one 
member of 9’. The case k = 1 is of course Danzer’s original question. Since 
the general answer for k = 1 is in the negative, one might expect a positive 
result at least for large k. However, this is not true. In fact, if we choose k 
polytopes of the type discussed in Theorems 1 and 2, exactly the same 
arguments as in the proof of Theorem 1 work and settle the non-existence 
of the tilings. Analogously, there is in general no convex 4-polytope P’, 
each facet of P’ combinatorially equivalent to one of the combinatorial 
prototiles. We shall sum up these results in Theorem 3. 
THEOREM 3. For each naturai number k there exist infinitely many 
families 9 of k combinatorial prototiles with the following properties. 
(a) There is no locally finite face-to-face tiling of E3 by (convex) 
3-polytopes each combinatorially isomorphic to one member of 9. 
(b) There is no convex 4-polytope P’, each facet of P’ combinatorially 
isomorphic to one member of 9”. 
With respect to the results of this paper it seems to be rather hopeless to 
characterize those polytopes which will tile three-space face-to-face. 
However, an approach to this problem will probably lead first of all to 
local combinatorial conditions concerning the construction of the vertex- 
figures of tilings. Such conditions might also shed some new light on the 
theory of facets and non-facets. 
It would be interesting to discover simple 3-polytopes which are non-tiles 
or even both non-tiles and non-facets. All known simple non-facets have an 
extremely large number of vertices (cf. Perles and Shephard [ 111; Danzer, 
Grtinbaum, and Shephard [3]). 
All remarks apply also to generalizations to higher dimensions. It is 
likely that there are also non-tiles in higher dimensions, since there is less 
freedom in preassigning the shape of polytopes of a given isomorphism 
type than in three dimensions (cf. Barnette and Griinbaum [ 13). In fact, 
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one may even suspect that the positive result of Griinbaum, Mani-Levitska, 
and Shephard for simplicial polytopes is not extendable to higher dimen- 
sions. 
Note added in proof For further results on non-tiles and non-facets in spaces of 3 or 
higher dimensions see also the author’s paper [15]. 
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